
Introduction to Factorial 

Designs 



• Many experiments involve the study of  the effects of  two or more factors. In 
general, factorial designs are most efficient for this type of  experiment. 

• In each complete trial or replicate of  the experiment all possible 
combinations of  the levels of  the factors are investigated. 

• For example, if  there are a levels of  factor A and b levels of  factor B, each 
replicate contains all ab treatment combinations. When factors are arranged 
in a factorial design, they are often said to be crossed. 

• The effect of  a factor is defined to be the change in response produced by a 
change in the level of  the factor. This is frequently called a main effect 
because it refers to the primary factors of  interest in the experiment. 



A 2 actor experiment

• This is a two-factor factorial experiment with both design  

factors at two levels. We have called these levels “low” and 

“high” and denoted them “+” and “-” respectively. The main effect of  factor 

A in this two-level design can be thought of  as the difference between the 

average response at the low level of  A and the average response at the high 

level of  A. Numerically, this is 

• That is, increasing factor A from the low level to the high level causes an 

average response increase of  21 units. Similarly, the main effect of  B is



Interaction

• In some experiments, we may find that the difference 

in response between the levels of  one factor is not the same at all levels of  the 

other factors. When this occurs, there is an interaction between the factors.





• There is another way to illustrate the concept of  interaction. Suppose that 

both of  our design factors are quantitative (such as temperature, pressure, 

time, etc.). Then a regression model representation of  the two-factor 

factorial experiment could be written as









Advantages of  factors





Two factor factorial design

• The simplest types of  factorial designs involve only two factors or sets of  treatments. 

• There are a levels of  factor A and b levels of  factor B, and these are arranged in a factorial 
design; that is, each replicate of  the experiment contains all ab treatment combinations. In 
general, there are n replicates.

• Consider  an engineer is designing a battery for use in a device that will be subjected to some 
extreme variations in temperature. There are three choices of  plate material from which he 
has to select one.

• The temperature can be controlled in the product development laboratory for the purposes 
of  a test.

• The engineer decides to test all three plate materials at three temperature levels—15, 70, 
and 125°F—because these temperature levels are consistent with the product end-use 
environment. Because there are two factors at three levels, this design is sometimes called a 
32 factorial design.



• Four batteries are tested at each combination of  plate material and 

temperature, and all 36 tests are run in random order. 





• The observations in a factorial experiment can be described by a model.

• The effects model is:



• The means model:



• In the two-factor factorial, both row and column factors (or treatments), A 
and B, are of  equal interest. 

• Testing equality of  row effects:

• Testing equality of  column effects:

• Testing interaction effects:



Statistical Analysis of  the Fixed Effects Mode





•

• The main effects A and B have a and b levels, respectively; therefore they 
have a - 1 and b - 1 degrees of  freedom as shown. The interaction degrees of  
freedom are simply the number of  degrees of  freedom for cells (which is ab 
- 1) minus the number of  degrees of  freedom for the two main effects A and 
B; that is, ab - 1 - (a - 1) - (b 1) = (a-1)(b-1)



• Within each of  the ab cells, there are n - 1 degrees of  freedom between the n 

replicates; thus there are ab(n - 1) degrees of  freedom for error. 





• One could write out the individual elements of  the ANOVA identity

• The total sum of  squares is computed as usual by





An example









Multiple Comparisons

• We perform Tukey’s test on battery life data.

• Significant interaction is noted in the experiment

• When interaction is significant, comparisons between the means of  one factor (e.g., 
A) may be obscured by the AB interaction. One approach to this situation is to fix 
factor B at a specific level and apply Tukey’s test to the means of  factor A at that 
level.

• suppose that in Example 5.1 we are interested in detecting differences among the 
means of  the three material types. Because interaction is significant, we make this 
comparison at just one level of  temperature, say level 2 (70°F). We assume that the 
best estimate of  the error variance is the MSE from the ANOVA table, utilizing the 
assumption that the experimental error variance is the same over all treatment 
combinations. 





Model adequacy checking

• The primary diagnostic tool is residual analysis(we use the same battery data, 
residuals shown in next slide). The residuals for the two-factor factorial model with 
interaction are

• The normal probability plot of  these residuals (Figure 5.11) does not reveal 
anything particularly troublesome, although the largest negative residual (-60.75 at 
15°F for material type 1) does stand out somewhat from the others. The 
standardized value of  this residual is -60.75/√675.21=-2.34, and this is the only 
residual whose absolute value is larger than 2.







• From Table 5.6 we see that the 15°F-material type 1 cell contains both 
extreme residuals (-60.75 and 45.25). These two residuals are primarily 
responsible for the inequality of  variance detected in Figures 5.12, 5.13, and 
5.14. 



Estimated model parameters

• Are calculated as



Choice of  sample size

• The operating characteristic curves in Appendix Chart V (shown in the example) in 

the  can be used to assist the experimenter in determining an appropriate sample 

size (number of  replicates, n) for a two-factor factorial design. 

• The appropriate value of  the parameter Φ2 and the numerator and denominator 

degrees of  freedom are shown in Table 5.7.

• A very effective way to use these curves is to find the smallest value of  Φ2 

corresponding to a specified difference between any two treatment means. For 

example, if  the difference in any two row means is D, then the minimum value of  

Φ2 is

• if  the difference in any two column means is D, then the minimum value of  Φ2 is





An example

• Consider the battery life data in Example 5.1. 

• Suppose that before running the experiment we decide that the null 

hypothesis should be rejected with a high probability if  the difference in 

mean battery life between any two temperatures is as great as 40 hours. 

• Thus a difference of  D = 40 has engineering significance, and if  we assume 

that the standard deviation of  battery life is approximately 25,then Equation 

5.18 (sample size based on column mean, mentioned earlier)gives:





Appendix 5 (corresponding to v1 and v2 given) 



The Assumption of  No Interaction in a Two-

Factor Model



• In table 5.18, we assume that the no interaction model applies.





One Observation per Cell

• Occasionally, one encounters a two-factor experiment with only a single 
replicate, that is, only one observation per cell. If  there are two factors and 
only one observation per cell, the effects model is:

• Here  there are no tests on main effects unless the interaction effect is zero.

• Then the above model becomes:



• A test developed by Tukey (1949a) is helpful in determining whether 

interaction is present. The procedure assumes that the interaction term is of  

a particularly simple form, namely,

• We may use a regression approach to test the significance of  the interaction 

term





Example

• The impurity present in a chemical product is affected by two factors—

pressure and temperature. The data from a single replicate of  a factorial 

experiment are shown in Table 5.10







The General Factorial Design

• The results for the two-factor factorial design may be extended to the general 

case where there are a levels of  factor A, b levels of  factor B, c levels of  

factor C, and so on, arranged in a factorial experiment. 

• In general, there will be abc . . . n total observations if  there are n replicates 

of  the complete experiment.

• we must have at least two replicates (n ≥ 2) to determine a sum of  squares 

due to error if  all possible interactions are included in the model.  



• If  all factors in the experiment are fixed, we may easily formulate and test 
hypotheses about the main effects and interactions using the ANOVA. 

• For a fixed effects model, test statistics for each main effect and interaction may be 
constructed by dividing the corresponding mean square for the effect or interaction 
by the mean square error. 

• All of  these F tests will be upper-tail, one-tail tests. 

• The number of  degrees of  freedom for any main effect is the number of  levels of  
the factor minus one, and the number of  degrees of  freedom for an interaction is 
the product of  the number of  degrees of  freedom associated with the individual 
components of  the interaction. 



• Assuming that A, B, and C are fixed, we get the following table for ANOVA:





Manual computation formulas





An example



• Table 5.13











Fitting Response Curves and Surfaces

• The ANOVA always treats all of  the factors in the experiment as if  they were 
qualitative or categorical. 

• However, many experiments involve at least one quantitative factor. 

• It can be useful to fit a response curve to the levels of  a quantitative factor so that 
the experimenter has an equation that relates the response to the factor. 

• This equation might be used for interpolation, that is, for predicting the response at 
factor levels between those actually used in the experiment. 

• When at least two factors are quantitative, we can fit a response surface for 
predicting yat various combinations of  the design factors. 

• In general, linear regression methods are used to fit these models to the 
experimental data.



An example









Blocking in a Factorial Design

• We have discussed factorial designs in the context of  a completely 

randomized experiment. Sometimes, it is not feasible or practical to 

completely randomize all of  the runs in a factorial. 

• For example, the presence of  a nuisance factor may require that the 

experiment be run in blocks.



• suppose that to run this experiment a particular raw material is required. This 

raw material is available in batches that are not large enough to allow all abn

treatment combinations to be run from the same batch. 

• However, if  a batch contains enough material for ab observations, then an 

alternative design is to run each of  the n replicates using a separate batch of  

raw material. 

• Consequently, the batches of  raw material represent a randomization 

restriction or a block, and a single replicate of  a complete factorial 

experiment is run within each block. 



• The model (Equation 5.37) assumes that interaction between blocks and 

treatments is negligible. 

• The analysis of  variance is outlined in the following table:





• The randomization was restricted to within a batch of  raw material. In 

practice, a variety of  phenomena may cause randomization restrictions, such 

as time and operators. 

• For example, if  we could not run the entire factorial experiment on one day, 

then the experimenter could run a complete replicate on day 1, a second 

replicate on day 2, and so on. Consequently, each day would be a block.



An example






